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Abstract. Let (R,m) be a d-dimensional Noetherian local ring and T
be a commutative strict algebra with unit element 1T over R such that
mT 6= T . We define almost exact sequences of T -modules and charac-
terize almost flat T -modules. Moreover, we define almost (faithfully)
flat homomorphisms between R-algebras T and W , where W has sim-
ilar properties that T has as an R-algebra. By almost (faithfully) flat
homomorphisms and almost flat modules, we investigate Cousin com-
plexes of T and W -modules. Finally, for a finite filtration F = (Fi)i≥0

of length less than d of Spec(T ) such that it admits a T -module X, we

show that IE2
p,q := TorTp

(
M,Hd−q (CT (F , X))

) p⇒ Hp+q(Tot(T )) and
IIE2

p,q := Hd−p
(
TorTq (M, CT (F , X))

) p⇒ Hp+q(Tot(T )), where M is an

any flat T -module and as a result we show that IE2
p,q and IIE2

p,q are
almost zero, when M is almost flat.
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1 Introduction

Let R be a ring and m be a unique maximal ideal of R. Throughout of
this paper (R,m) is a d-dimensional Noetherian local ring with a system
of parameters x := x1, . . . , xd and T be a commutative strict algebra
with unit element 1T (not necessarily an integral domain) over R, i.e.,
mT 6= T . Then T is called equipped with a value map, if there is a map
v : T −→ R ∪ {∞} such that satisfying the following conditions:

(i) v(ab) = v(a) + v(b), for all a, b ∈ T ;

(ii) v(a+ b) ≥ min{v(a), v(b)}, for all a, b ∈ T ;

(iii) v(a) =∞ if a = 0.

Moreover, v is called normalized if v(c) ≥ 0, for all c ∈ T and v(c) > 0,
for all non-unit c ∈ T . Let M be a module over an algebra T which is
equipped with a value map v. Then M is called almost zero with respect
to v, if m ∈ M and ε > 0 are given, then there exists b ∈ T such that
b ·m = 0 and v(b) < ε. For almost ring theory we refer to [4].

A T -module M is called almost Cohen-Macaulay over R, if H i
m(M)

is almost zero for all i 6= d, but M/mM is not almost zero. This notion
is considered by some authors, see [1, 3, 5, 6, 7, 9], for more details.

Let M and N be T -modules, then they are called almost isomorphic,
if there is a T -homomorphism f : M −→ N (or g : N −→M) such that
both ker f and cokerf (or both ker g and cokerg) are almost zero and we
call f (g) is an almost isomorphism. Moreover, M and N are in the same
class, if there is a T -module L such that there exist T -homomorphisms
L −→ M and L −→ N , both of which are almost isomorphic in the
above sense, which we denote by M ≈ N .

Authors in [1] showed that TorTn (Hd
m(T ),M) ≈ Hd−n

m (M) for all
n ≥ 0. The T -module M is said to be almost flat, if TorTi (M,N) ≈ 0 for
all i > 0 and all T -modules N . Moreover, M is called almost faithfully
flat, if M is almost flat and for each T -module, N , M ⊗T N ≈ 0 implies
that N ≈ 0. If T is an almost Cohen-Macaulay algebra over a local ring
(R,m) and M is an almost faithfully flat T -module, then Hd−i

m (M) ≈
Hd−i

m (T )⊗T M and M is almost Cohen-Macaulay [1, Theorem 4.3].
In Section 2, we consider almost flat modules over T -algebras de-

fined over R. We investigate almost flat modules by defining almost
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exact sequences and we show that this investigation is equivalent to the
definition of the almost flat modules where defined in [1]. Moreover,
we define (faithfully) almost homomorphism between R-algebras and by
this definition, we give some results to transferring almost flatness prop-
erty. In Section 3, we consider the Cousin complex CTp(MW ⊗T Tp),
CTp(Mp ⊗T ϕ(T \ p)−1W ) and we show that they are almost equivalent.
Section 4 deals with Cousin complex defined by filtration and we show
that IE2

p,q and IIE2 related to T , are almost zero. Finally, we ask some
question related to almost flat modules and almost flat homomorphism.

2 Some Results on Almost Flat Modules and
Homomorphisms

In this section, we give some results related to almost flat modules and
almost flat homomorphisms. Moreover, we define almost flat and al-
most faithfully flat T -homomorphisms between T -modules. For any T -
homomorphism of T -modules f : M −→ N we denote the kernel and
the image of f by ker f and imf , respectively.

Remark 2.1. Let M and N be T -modules. If M ≈ N , then there
is a T -homomorphism f : M −→ N or there is a T -homomorphism
g : N −→ M such that ker f ≈ 0 and coker f ≈ 0 or ker g ≈ 0 and
coker g ≈ 0. In this paper, by M ≈ N , we mean there are both T -
homomorphisms f : M −→ N and g : N −→ M such that f ◦ g ≈ iN
and g ◦ f ≈ iM . Moreover, we say f : M −→ M is almost isomorphic
with h : M −→ M , if ker f ≈ kerh, im f ≈ im h and we denote by
f ≈ h.

Definition 2.2. We say that a finite or infinite sequence of T - homo-
morphisms and T -modules

· · · −→Mn−1
ϕn−→Mn

ϕn+1−→ Mn+1 −→ · · · ,

is an almost exact sequence if imϕn and kerϕn+1 are almost isomorphic.

Remark 2.3. Let M and N be two T -modules. Then
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(i) If a sequence 0 −→M
ϕ−→ N is almost exact, then kerϕ is almost

zero. Clearly, if ϕ is injective, then the above sequence becomes
exact sequence.

(ii) Consider a sequence M
ψ−→ N −→ 0. The kernel of N −→ 0 is N ,

hence, if the above sequence is almost exact sequence, then imψ
and the kernel of N −→ 0 i.e., N are almost isomorphic.

(iii) Consider a sequence 0 −→ M
ϕ−→ N −→ 0. If this sequence is

exact, then by the above cases (i) and (ii), M and N are almost
isomorphic.

Definition 2.4. A short almost exact sequence of T -homomorphisms
and T -modules is an almost exact sequence of the form

0 −→M
ϕ−→ N

ψ−→ C −→ 0. (1)

By Remark 2.3, (1), kerϕ is almost zero, im ψ and C are almost
isomorphic. We now give the following definition related to almost flat
modules that we will show that this definition is equivalent to definition
of almost flat modules in [1].

Definition 2.5. We say a T -module M is almost flat, whenever

0 −→ A
ϕ−→ B

ψ−→ C −→ 0 (2)

is an almost exact sequence of T -modules, then

0 −→M ⊗T A
iM⊗ϕ−→ M ⊗T B

iM⊗ψ−→ M ⊗T C −→ 0 (3)

is an almost exact sequence. A T -module M is called almost faithfully
flat if (2) is almost exact if and only if (3) is almost exact sequence.

By the following result we show that the above definition and [1,
Definition 4.1] are equivalent.

Proposition 2.6. A T -module M is almost flat in sense of Definition
2.5 if and only if TorTi (M,N) ≈ 0, for all i > 0 and all T -modules N .



COUSIN COMPLEXES AND ALMOST FLAT RINGS 5

Proof. Let M be an almost flat T -module and N be an arbitrary T -
module. Let PN be a projective resolution of N as follows

PN : −→ P2
d2−→ P1

d1−→ P0
ν−→ N −→ 0.

Almost flatness of M implies that

M⊗TPN :−→M⊗TP2
iM⊗d2−→ M⊗TP1

iM⊗d1−→ M⊗TP0
iM⊗ν−→ M⊗TN −→ 0

is an almost exact sequence. Thus, ker(iM ⊗ dn) is almost isomorphic

with im (iM ⊗ dn+1). This means that ker(iM⊗dn)
im (iM⊗dn+1)

≈ 0. On the other

hand, since TorTn (M,N) = Hn(M ⊗ PN ) = ker(iM⊗dn)
im (iM⊗dn+1)

, we get that

TorTn (M,N) ≈ 0, for all n > 0. The converse is trivial. �

Lemma 2.7. Let I, J be two ideals of T and M be an almost flat T -
module. Then IM ∩ JM ≈ (I ∩ J)M .

Proof. Consider the exact sequence 0 −→ I ∩ J −→ T −→ T/I ⊕
T/J −→ 0. Since, M is almost flat, we obtain the following almost
exact sequence of T -modules:

0 −→M ⊗T (I ∩ J) −→M ⊗T T = M −→M/IM ⊕M/JM −→ 0.

The kernel of g : M −→ M/IM ⊕M/JM is equal to IM ∩ JM and
the image of f : M ⊗T (I ∩ J) −→ M is equal to (I ∩ J)M . Since
im f ≈ ker g, we obtain that IM ∩ JM ≈ (I ∩ J)M . �

Definition 2.8. Let T and W be two algebras over R equipped with
value maps vT and vW , respectively. We say a ring map ϕ : T −→ W
is almost flat, if W is almost flat as a T -module. Moreover, we say ϕ is
almost faithfully flat, if W is an almost faithfully flat T -module.

Proposition 2.9. Let T and W be two algebras with units 1T and
1W over R equipped with value maps vT and vW . Let ϕ : T −→ W
be an almost flat map and M be a finitely generated T -module. Then
AnnT (M)W ≈ AnnW (M ⊗T W ).

Proof. Let m ∈M and set I = AnnT (m). Consider the exact sequence

0 −→ I
i−→ T

ψ−→ M −→ 0 where ψ(t) = tm, for all t ∈ T . By
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tensoring W to the above exact sequence, we have the following almost
exact sequence

0 −→ I ⊗T W
i⊗iW−→ T ⊗T W = W

ψ⊗iW−→ M ⊗T W −→ 0,

where ψ ⊗ iW (w) = m ⊗ w, for all w ∈ W . Moreover, im(i ⊗ iW ) =
IW = AnnT (m)W and

ker(ψ ⊗ iW ) = {w ∈W : ψ ⊗ iW (w)(m⊗ 1W ) · w}
= AnnW (m⊗ 1W ).

This implies that AnnT (m)W ≈ AnnW (m⊗T 1W ). Now, suppose
that {m1,m2, . . . ,mn} be a set of generators of M . Then by the above
obtained result we get that AnnT (mi)W ≈ AnnW (mi ⊗T 1W ), for all
1 ≤ i ≤ n. By setting Ii = AnnT (mi) and applying Lemma 2.7, we
obtain

⋂n
i=1(IiW ) ≈ (

⋂n
i=1 Ii)W . This completes the proof. �

Proposition 2.10. Let T and W be two algebras with units 1T and
1W over R equipped with value maps vT and vW . Let ϕ : T −→ W
be an almost (faithfully) flat map. If M is an almost (faithfully) flat
W -module, then M is an almost (faithfully) flat T -module.

Proof. Let 0 −→ A
f−→ B

g−→ C −→ 0 be an almost exact sequence of
T -modules. Since ϕ is almost flat, W is an almost flat T -module. This
implies that

0 −→W ⊗T A
iW⊗f−→ W ⊗T B

iW⊗g−→ W ⊗T C −→ 0

is an almost exact sequence of T -modules. Since M is an almost flat W -
module, by tensoring M to the above almost exact sequence, we have
the following almost exact sequence

0 −→M ⊗W (W ⊗T A)
iM⊗(iW⊗f)−→ M ⊗W (W ⊗T B)

iM⊗(iW⊗g)−→ M ⊗W (W ⊗T C) −→ 0.

We can rewrite the above almost exact sequence as follows

0 −→ (M ⊗W W )⊗T A
(iM⊗iW )⊗f−→ (M ⊗W W )⊗T B

(iM⊗iW )⊗g−→ (M ⊗W W )⊗T C −→ 0.
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Then by M ⊗W W ∼= M , we have

0 −→M ⊗T A
iM⊗f−→ M ⊗T B

iM⊗g−→ M ⊗T C −→ 0,

which is an almost exact sequence. Tracing this argument backwards,
we can show that if ϕ is almost faithfully flat and if M is an almost
faithfully W -module, then M is an almost faithfully T -module. �

Lemma 2.11. Let T , W be two algebras with units 1T , 1W , respectively
over R equipped with value maps vT , vW and ϕ : T −→ W be a ring
homomorphism. If M is an almost (faithfully) flat T -module, then M⊗T
W is an almost (faithfully) flat W -module.

Proof. Let 0 −→ A
f−→ B

g−→ C −→ 0 be an almost exact sequence
of W -modules. Then by tensoring M ⊗T W to the above almost exact
sequence, by a conclusion isomorphism (M ⊗T W )⊗ A = M ⊗T A and
by almost flatness of M as a T -module, we have the following almost
exact sequence

0 −→M ⊗T A
iM⊗f−→ M ⊗T B

iM⊗g−→ M ⊗T C −→ 0.

Thus,

0 −→ (M ⊗T W )⊗W A
iM⊗f−→ (M ⊗T W )⊗W B
iM⊗g−→ (M ⊗T W )⊗W C −→ 0

is almost sequence and so M⊗TW is an almost flat W -module. Tracing
this argument backwards, we can show that if M is an almost faithfully
T -module, then M ⊗T W is an almost faithfully W -module. �

Proposition 2.12. Let T , W be two algebras with units 1T , 1W , re-
spectively over R equipped with value maps vT , vW and ϕ : T −→W be
a ring homomorphism. If ϕ is an almost faithfully map, then M is an
almost flat T -module if and only if MW = M ⊗T W is an almost flat
W -module.

Proof. If M is an almost flat T -module, then by Lemma 2.11, MW is
an almost flat W -module.
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Conversely, suppose that MW is an almost flat W -module and 0 −→
A−→B−→C −→ 0 is an almost exact sequence of T -modules. From
almost flatness of ϕ and W as a T -module, we have

0 −→W ⊗T A−→W ⊗T B−→W ⊗T C −→ 0

is an almost exact sequence. Almost flatness of MW as a W -module
implies that

0 −→MW ⊗W W ⊗T A−→MW ⊗W W ⊗T B−→MW ⊗W W ⊗T C −→ 0

is an almost exact sequence. Therefore, we can write the above sequence
as follows

0 −→W ⊗T M ⊗T A−→W ⊗T M ⊗T B−→W ⊗T M ⊗T C −→ 0,

which is an almost sequence. By almost faithfully flatness of W as a
T -module, we obtaine that

0 −→M ⊗T A−→M ⊗T B−→M ⊗T C −→ 0

is an almost sequence of T -modules. This implies that M is almost flat.
�

3 Cousin Complexes and Almost Flat Ring Ex-
tensions

Let ϕ : T −→ W be an almost faithfully flat homomorphism and M
be a T -module. In this section, we investigate the relation between the
Cousin complexes CTp(MW ⊗T Tp) and CTp(Mp ⊗T ϕ(T \ p)−1W ). Let
ϕ : T −→W be an almost flat homomorphism, I be an ideal of T and J
be an ideal of W . Then we denote the ideals ϕ(I)R and ϕ−1(J) by Iϕ

and Jϕ, respectively. Let M be a T -module. Then we denote M ⊗T W
by MW .

Lemma 3.1. Let T , W be two algebras over R equipped with value maps
vT , vW and ϕ : T −→ W be an almost flat R-algebras homomorphism
and p ∈ Spec (T ) such that pϕ 6= W . Then the induced R-algebras

homomorphism ϕ̃ : Tp −→ ϕ(T \ p)−1W defined by ϕ̃
(
t
s

)
= ϕ(t)

ϕ(s) , for all

t ∈ T and s ∈ T \ p, is an almost faithfully R-algebras homomorphism.
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Proof. Clearly, ϕ(T \ p)−1 is a multiplicatively closed subset of W and
ϕ̃ is an R-algebras homomorphism. Consider the following almost exact
sequence of T -modules

0 −→ A
f−→ B

g−→ C −→ 0. (4)

Set ϕ(T \ p)−1W = W̃ . By tensoring W̃ to the above almost exact
sequence, we show that the following sequence of T -modules is an almost
exact sequence:

0 −→ W̃ ⊗T A
iW̃⊗f−→ W̃ ⊗T B

iW̃⊗g−→ W̃ ⊗T C −→ 0. (5)

Let X ∈ ker(iW̃ ⊗ f). Then there are w ∈ W , s ∈ ϕ(T \ p)−1

and a ∈ A such that X = w
ϕ(s) ⊗ a. Since ϕ is almost flat, W is an

almost flat T -module. Hence, for every ε > 0, there exists b ∈ T such
that b · w = ϕ(b)w = 0 and vT (b) < ε. This implies that b · X =

b ·
(

w
ϕ(s) ⊗ a

)
= ϕ(b)w

ϕ(s) ⊗ a = 0. Thus, ker(iW̃ ⊗ f) is an almost zero

T -module.
Now, define F : im (iW̃ ⊗ g) −→ W̃ ⊗T C by F

(
w
ϕ(s) ⊗ x

)
= w

ϕ(s) ⊗
g(x), for all w ∈ W , s ∈ ϕ(T \ p)−1 and x ∈ B. Clearly, F is a T -
homomorphism and the coker F is almost zero. Moreover, according
to almost flatness of W as a T -module and by the above reason, there
exists b ∈ T such that b ·w = ϕ(b)w = 0 and vT (b) < ε, for every ε > 0.
Let w

ϕ(s) ⊗ x ∈ kerF . Then

b · F
(

w

ϕ(s)
⊗ x
)

= F

(
ϕ(b)w

ϕ(s)
⊗ x
)

= 0.

This means that kerF is almost zero. Thus, W̃ is an almost flat T -
module and consequently ϕ̃ is almost flat. Now, we show that al-
most exactness of (5) implies almost exactness of (4). Let x ∈ ker f .
Therefore, for any w

ϕ(s) , where w ∈ W and s ∈ ϕ(T \ p)−1, we have
w
ϕ(s) ⊗ x ∈ W̃ ⊗T A. This implies that w

ϕ(s) ⊗ x ∈ ker
(
iW̃ ⊗ f

)
. Almost

exactness of (5) implies that for every ε > 0, there exists b ∈ T such that

b ·
(

w
ϕ(s) ⊗ x

)
= ϕ(b)w

ϕ(s) ⊗ x = w
ϕ(s) ⊗ bx = 0 and vT (b) < ε. Thus, ker f is

an almost zero T -module. Similarly, one can show that img is an almost
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zero T -module. Let µ : imf −→ ker g be a T -homomorphism. Then
iW̃ ⊗ µ : W̃ ⊗T imf = im

(
iW̃ ⊗T f

)
−→ iW̃ ⊗T ker g ⊆ ker

(
iW̃ ⊗T g

)
.

Thus, both ker iW̃ ⊗ µ and coker
(
iW̃ ⊗ µ

)
are almost zero. Then these

show that the kerµ and imµ are almost zero. This completes the proof.
�

Let T be a Noetherian algebra over R with a value map v and X be
a T -module. The Cousin complex CT (X) for X is of the form

0
d−2

−→ X
d−1

−→ X0 d0−→ X1 d1−→ · · · d
i−2

−→ Xi−1 di−1

−→ Xi di−→ Xi+1 di+1

−→ · · · ,

where, for all i ≥ 0, we have

Xi =
⊕

p∈Supp(X),htXp=i

(
coker di−2

)
p
.

Now, let Y be a T -module with the Cousin complex CT (Y ) and
f : X −→ Y be an almost T -isomorphism. The we have the following
diagram

0 X X0 X1 · · · Xi Xi+1 · · ·

0 Y Y 0 Y 1 · · · Y i Y i+1 · · ·

d−2
X d−1

X d0X d1X di−1
X diX di+1

X

d−2
Y d−1

Y
d0Y d1Y di−1

Y
diY di+1

Y

f f0 f1 f i−1 f i

(6)

By induction and according to Remark 2.1, the above diagram com-
mutes and f i, for all i ≥ −1, are almost isomorphism. Now, we prove
our the main result in this section.

Theorem 3.2. Let T , W be two algebras over R equipped with value
maps vT , vW and ϕ : T −→ W be an almost flat R-algebras homomor-
phism and p ∈ Spec (T ) such that pϕ 6= W . Then CTp(MW ⊗T Tp) ≈
CTp(Mp ⊗T ϕ(T \ p)−1W ).

Proof. By Lemma 3.1, ϕ̃ : Tp −→ ϕ(T \p)−1W defined by ϕ̃
(
t
s

)
= ϕ(t)

ϕ(s) ,

for all t ∈ T and s ∈ T \ p, is an almost faithfully flat R-algebras
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homomorphism. Similar to the proof of Lemma 3.1, set ϕ(T \ p)−1W =
W̃ . We now define ψ : MW ⊗T Tp −→ Mp ⊗Tp W̃ by ψ(m ⊗ w ⊗ t

s) =
m
1 ⊗

ϕ(t)w
ϕ(s) , for all m ∈ M , w ∈ W , t ∈ T and s ∈ T \ p. We consider

MW ⊗T Tp and Mp ⊗Tp W̃ as Tp-modules by the following actions

t′

s′
·
(
m⊗ w ⊗ t

s

)
= m⊗ w ⊗ t′t

s′s

= m⊗ wϕ(t′)⊗ t

s′s

= m⊗ w · t′ ⊗ t

s′s

and

(x⊗ w̃) · t
′

s′
= x⊗ w̃ ϕ(t′)

ϕ(s′)
,

for all t′

s′ ,
t
s ∈ Tp, m ∈M , w ∈W , x ∈Mp and w̃ ∈ W̃ . Then ψ becomes

a Tp-homomorphism. By almost flatness of ϕ, for all w ∈W and ε > 0,
there exists b ∈ T such that b · w = ϕ(b)w = 0 and vT (b) < ε. Then for
any m⊗ w ⊗ t

s ∈ kerψ,

b

1
·
(
m⊗ w ⊗ t

s

)
= m⊗ w · b⊗ t

s
= 0.

Thus, kerψ ≈ 0. Similarly, one can show that coker ψ ≈ 0. Hence,
ψ is an almost isomorphism. Now, by applying a similar argument in
(6), we have CTp(MW ⊗T Tp) ≈ CTp(Mp ⊗T W̃ ). �

4 Cousin Complexes Defined by Filtration and
Almost Flat Modules

Let T be a Noetherian algebra over R with a value map v. A filtration
of Spec(T ) is a descending sequence F = (Fi)i≥0 of subsets of Spec(T )
such that

Spec(T ) ⊇ F0 ⊇ F1 ⊇ · · · ⊇ Fi ⊇ Fi+1 ⊇ · · · ,

with the property that Fi − Fi+1 is low with respect to Fi, for all i ≥ 0,
i.e., every memeber Fi−Fi+1 is a minimal member of Fi with respect to



12 N. ESHAGHI AND S. O. FARAMARZI

inclusion. If, for a T -module X, SuppT (X) ⊆ F0, we say that F admits
the T -module X. Suppose that F is a filtration of Spec(T ) which admits
a T -module X. The Cousin complex CT (F , X) for X with respect to F
is of the form

0
d−2

−→ X
d−1

−→ X0 d0−→ X1 d1−→ · · · d
i−2

−→ Xi−1 di−1

−→ Xi di−→ Xi+1 di+1

−→ · · · ,

where, for all i ≥ 0, we have

(i) Xi =
⊕

p∈Fi\Fi+1

(
cokerdi−2

)
p
,

(ii) di−1(x) =
{(
x+ Imdi−2

)
/1
}
p∈Fi\Fi+1

, for every x ∈ Xi−1.

Let F = (Fi)i≥0 be a filtration of Spec(T ). Then we say that F is
finite of length less than d, whenever Fi = ∅, for all i > d. In this case,
for all i ≥ 0, we have

(i) SuppT (Xi) ⊆ Fi,

(ii) SuppT (Hi−1(CT (F , X))) ⊆ Fi+1,

and

CT (F , X) : 0 −→ X −→ X0 −→ X1 −→ · · ·
−→ Xi −→ · · · −→ Xd−1 −→ Xd −→ 0.

Let F = (Fi)i≥0 be a filtration of Spec(R). The set CF (T ) is the
category of T -modules which are admitted by F and we denote the cat-
egory of complexes of T -modules by Comp(T ). We recall the following
result from [2]:

Corollary 4.1. Suppose that F = (Fi)i≥0 is a filtration of Spec(T ) and

(A•, b•) : · · · −→ Ai−1
bi−1

−→ Ai
bi−→ Ai+1 −→ · · ·

is a complex in CF (T ). Then
(CT (F , A•), CT (F , b•)) :

· · · −→ CT
(
F , Ai−1

) CT (F ,bi−1)−→ CT
(
F , Ai

) CT (F ,bi)−→ CT
(
F , Ai+1

)
−→ · · ·

is a complex in Comp(T ).
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Theorem 4.2. Let F = (Fi)i≥0 be a finite filtration of length less than
d of Spec(T ) such that admits a T -module X and M be an any flat
T -module. Then

(i) IE2
p,q := TorTp

(
M,Hd−q (CT (F , X))

) p⇒ Hp+q(Tot(T )).

(ii) IIE2
p,q := Hd−p (TorTq (M, CT (F , X))

) p⇒ Hp+q(Tot(T )).

Proof. Assume that

F• : · · · −→ Fi+1 −→ Fi −→ Fi−1 −→ · · · −→ F1 −→ F0 −→ 0

is a free resolution ofM . For any p ≥ 0, suppose that q ∈ SuppT (Fp ⊗T X).
This means that there exists x = x′ ⊗ x′′ ∈ Fp ⊗T X such that (0 :T
x) ⊆ q, where x ∈ Fp and x′′ ∈ X. Thus, for any t ∈ T \ q, t · x =

tx′ ⊗ x′′ = x′ ⊗ tx′′ 6= 0. This means that tx′′ 6= 0. Thus, 0 6= x′′

1T
∈ Xq.

This shows that Xq 6= 0 and so q ∈ SuppT (X). For any p ≥ 0, Fp
is a free T -module. Then Fp ⊗ X is a free T -module (see [8, Example
4.101]). Now, let q ∈ SuppT (X). Then there exists x ∈ X such that for
all t ∈ T \ q, tx 6= 0. Now, choose y ∈ Fp such that y⊗ tx 6= 0 (note that
since Fp and Fp⊗T X are free T -modules, we can choose such element).
This implies that t(y ⊗ x) 6= 0. Thus (Fp ⊗T X)q 6= 0. This means that
q ∈ SuppT (Fp ⊗T X). So for any p ≥ 0, we have

SuppT (Fp ⊗T X) = SuppT (X).

Hence, F admits T -module Fp ⊗T X. This implies that F• ⊗T X is
in CF (T ). Then by [2, Corollary 2.3], CT (F ,F• ⊗T X) is in Comp(T ).
Then T =

{
CT (F ,Fp ⊗T X)d−q

}
is a first quadrant bi-complex and we

denote the total of T by Tot(T ). Now, we prove (i) and (ii) as follow:

(i) Let IE2 = H′pH
′′
p,q be the first iterated homology of T with respect

to the first filtration. Then

H′′p,q(T ) = Hd−q (CT (F ,Fp ⊗T X))

= Hd−q (Fp ⊗T CT (F , X))

= Fp ⊗T Hd−q (CT (F , X)) .
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The above equality implies that

IE2
p,q = H′pH

′′
p,q(T )

= Hp

(
Fp ⊗T Hd−q (CT (F , X))

)
= TorTp

(
M,Hd−q (CT (F , X))

)
.

By applying the above obtained equality, we have the following the first
quadrant spectral sequence

IE2
p,q := TorTp

(
M,Hd−q (CT (F , X))

)
p⇒ Hp+q(Tot(T )).

(ii) Let IIE2 = H′′pH
′′
q,p be the second iterated homology of T with

respect to the second filtration. Then

H′q,p = Hq

(
CT (F ,F• ⊗T X)d−p

)
= Hq

(
F• ⊗T CT (F , X)d−p

)
= TorTq

(
M, CT (F , X)d−p

)
.

Then we have

IIE2
p,q = H′′pH

′′
q,p(T )

= Hp

(
TorTq

(
M, CT (F , X)d−p

))
= Hd−p (TorTq (M, CT (F , X))

)
.

The above equality implies the first quadrant spectral sequence

IIE2
p,q := Hd−p (TorTq (M, CT (F , X))

) p⇒ Hp+q(Tot(T )).

�

Corollary 4.3. Let F = (Fi)i≥0 be a finite filtration of length less than
d of Spec(T ) such that admits a T -module X. Let M be an almost flat
T -module, then for p, q > 0,

(i) IE2
p,q ≈ 0.

(ii) IIE2
p,q ≈ 0.
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5 Problems

In this section we give some problems related to almost flat modules.
Let T and R as before.

1. Let M be a T -module. Lazard’s Theorem says that M is flat if
and only if it is the colimit of a directed system of free finite T -
modules. What about for the almost flat modules? Clearly, if M
is the colimit of a directed system of free finite T -modules, then
by Lazard’s Theorem it is almost flat.

2. Let ϕ : T −→ W be a local homomorphism of Noetherian local
R-algebras, I 6= T be an ideal in T and M be a finitely generated
W -module. If TorT1 (M,T/I) ≈ 0 and M/IM is almost flat T/I-
module, is M almost flat T -module?

3. Let ϕ : T −→ W be an almost faithfully flat homomorphism of
R-algebras and W is reduced (a normal as a ring, a regular as a
ring, a Nagata ring). Is T reduced (a normal as a ring, a regular
as a ring, a Nagata ring)?
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